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Abstract 

We determine the optimal entanglement rate of quantum state merging when assuming that the 
state is unknown except for its membership in a certain set of states. We find that merging is possible 
at the lowest rate allowed by the individual states. Additionally, we establish a lower bound for the 
classical cost of state merging under state uncertainty. To this end we give an elementary proof for 
the cost in case of a perfectly known state which makes no use of the "resource framework". As 
applications of our main result, we determine the capacity for one-way entanglement distillation if the 
source is not perfectly known. Moreover, we give another achievability proof for the entanglement 
generation capacity over compound quantum channels. 
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1 Introduction 

Quantum state merging was introduced by Horodecki, Oppenheim, and Winter |17j . [18) in order to quan- 
tify the amount of partial quantum information contained in bipartite quantum states. I.e. for a bipartite 
i.i.d. quantum source with generic state pab shared by communication parties A ("sender") and B ("re- 
ceiver"), we want to know how much quantum communication is needed per copy when transferring A's 
share to B so that source output is completely available to B. 

A convenient way of measuring quantum communication within this scenario is quantifying the entangle- 
ment cost (cf. HE|): The parties A and B are free to use local operations together with certain exchange 
of classical messages (LOCC) and moreover they may use preexistent pure entanglement. The protocol 
performs state merging and produces/returns pure entanglement. The optimal rate for this task was 
determined in |18j as the conditional von Neumann entropy S(A\B). In this way, the conditional von 
Neumann entropy obtains an operational interpretation as the net amount of entanglement resources 
needed to merge the states. Moreover, the puzzling fact that for some states S(A\B) < can occur can 
be interpreted naturally within the state merging paradigm: Merging protocols achieving negative rates 
produce rather than consume entanglement during the process. 

Additionally, the optimal (i.e. the lowest possible) classical communication rate for a merging procedure 
achieving quantum rate S(A\B) was determined in j!8) as well. It turned out that I(A;E), the quantum 
mutual information between the A-part and an environment purifying pab is optimal in this case. 
Another important aspect is that many other protocols can be derived (mostly by reduction) from quan- 
tum state merging. Here we just mention some of the examples from |18j like distributed compression, 
quantum source coding with side information at the decoder, and entanglement generation over quantum 
multiple access channels. 

However, these results rely on the assumption of idealized conditions. The authors of [18] assumed the 
source to be memoryless and perfectly known. Both of these conditions will hardly be fulfilled in real-life 
communication settings. 

In this paper, we drop the second condition and determine the optimal average cost of entanglement per 
copy under partial ignorance of the state to be merged. We consider a scenario, where statistical proper- 
ties of the ensemble emitted by the source are not perfectly known to the merging partners. Rather it is 
assumed, that they only know that the state belongs to a certain set of states. Thus they have to use a 
protocol which works well for every member of this set. This model can be seen as a source analogue to 
the notion of compound quantum channels which were considered in [7], [5]. 

Our main technical result is a generalization of the original one-shot bound given in |18| , which respects 
state uncertainty. The question of the optimal classical communication cost in this case is addressed as 
well. 

The result of this paper becomes its relevance due to the fact, that other related communication protocols 
can be obtained by modifying state merging protocols. Our generalization to sets of states can be used 
to generate protocols which are successful in the corresponding "compound" scenarios. These in turn 
are stepping stones to tackle the much more involved "arbitrarily varying" models. If one considers, for 
example, the problem of determining capacities of arbitrarily varying channels, it is well known that good 
codes for particular compound channels can be transformed in good random codes for arbitrarily varying 
channels via Ahlswede's robustification technique [3] . The robustification technique can be applied in the 
quantum case as well. It is exactly this idea that was employed in [3] in order to determine the random 
code capacity for entanglement transmission over arbitrarily varying quantum channels. This in turn can 
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be used to show that either the deterministic classical capacity of the arbitrarily varying quantum channel 
is zero or the deterministic and random code capacities for entanglement transmission of these channels 
are equal, a quantum version of Ahlswede's famous dichotomy [2]. 

We mention this here, because this is up to date the only method allowing us to prove such results. The 
ingenious and very direct method to prove the coding theorem for classical arbitrarily varying channels 
developed by Csiszar and Narayan [TU] does not carry over to the quantum case. 

1.1 Related work 

The present result relies, as it was in the single state case, on a variant of the so-called decoupling ap- 
proach, an idea which originally appeared in |22j and was succesfully applied to several scenarios. The 
idea is, in short, to consider not only the bipartite states to merge, but purifications of them, where the 
purifying systems are not allowed to be affected by A or B. In this way, the question of success of the 
procedure is broken down to successful decoupling of the subsystems under control of A from the purifying 
environment. Techniques which were developed earlier [7], [8] for proving coding theorems for compound 
quantum channels based on the decoupling approach, can be used here as well. 

The quantum state merging protocol can be further generalized, by replacing the classical communica- 
tion channels involved by quantum channels. This leads to the so-called fully quantum Slepian Wolf or 
"mother" protocol [TJ, which together with a corresponding "father" protocol forms the head of a whole 
hierarchy of quantum protocols. 

1.2 Outline 

In Section [2j we provide precise definitions for the model considered in this work. At the end of the 
section, our main result is stated. Section |3] contains the technical groundwork for the proof of our main 
result. There, we generalize the original one-shot result for single states from [18] to the case, where the 
set of possible states to merge is finite. With these results at hand, we prove our main result in Section 
21 where we first establish the direct part in case that the set of possible states to merge is finite. Then 
we extend this result to arbitrary sets of states using finite approximations in the set of quantum states. 
The converse statement directly carries over from the known result for single states. Section [5] is devoted 
to the classical communication cost of quantum state merging. There we review the single state case and 
add an elementary proof for the corresponding result from |18j . Unfortunately, the protocol class used 
to establish the achievability proof for the quantum cost turns out to be too narrow. We point out, that 
contrary to the single state case, it is suboptimal regarding the classical communication requirements. 
We conclude our work by demonstrating some applications of our main result in Sect. |6l where we deter- 
mine the entanglement distillation capacity in case, that the source from which is distilled is not perfectly 
known. Finally, we give another proof for the direct part of the entanglement generation coding theorem 
for compound quantum channels. There we use the correspondence between distillation of entanglement 
from quantum states and entanglement generation over quantum channels. 

1.3 Notations and Conventions 

All the Hilbert spaces which appear in this work are assumed to be finite dimensional and over the field 
of complex numbers. For any two Hilbert spaces % and JC, 6(71, JC) denotes the set of linear operators 
mapping % to JC and B(Ji) denotes the set of linear operators on %. The set of states (i.e. positive 
operators of trace one) on T-L is denoted by S(H). With a Hilbert space JC, the set of channels (i.e. 
completely positive and trace preserving maps) from £>(%) to B(JC) is denoted by C(H, JC), the set of trace 
non-increasing cp maps by C^(H, JC). With a little abuse of notation, we write idu for the identical channel 
on B(H). Because we mainly deal with systems containing several relevant subsystems, we freely make 
use of the following convention: An Hilbert space Wxyz is always thought to be the space of a composite 
system consisting of systems with Hilbert spaces Hx, Hy and Hz- We use a similar notation for states 
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of composite systems. A state denoted pxy for instance is a bipartite state with marginals px and py 
and so on. Pure states on T-L are identified with state vectors, e.g. the symbol ip sometimes denotes the 
state \ip) (tp\ and sometimes a state vector ip £ % corresponding to \ip) (ip\. The fidelity is defined by 

F(p,a) :=||vW^lli 

for quantum states p and a on a Hilbcrt space H. We frequently use the fact that if one of the input 
states is pure, the fidelity takes the form of an inner product 

F(P> |V0 (V'l) = ("07 P<P) ■ (1) 
For other properties of the fidelity we refer to [19] . The von Neumann entropy of a state p is defined 

S(p) := -tr(plogp) 

where log(-) (as throughout this work) denotes the base two logarithm. For certain other information 
quantities we choose a notation which indicates the states on which they are evaluated. For a state pxy 
on T-Lxy we denote the coherent information by 

I(X)Y,p XY ) := S(p Y ) - S(pxy), 

the quantum mutual information by 

I(X; Y, pxy) := S(px) + S(p Y ) - S(p XY ), 

and the contional von Neumann entropy by 

S{X\Y, P xy) := S(pxy) ~ S(py). 

For a channel Af £ C(H, K.) and and a state p £ S(H), the coherent information is denoted by 

I c { P ,Af) ■= S{N{ P )) - S{{id H ®AT){\y) {<p\)), 

where ip is an arbitrary purification of p on % ® %. We further denote the hermitian conjugate of an 
operator a by a* and the complex conjugate of a complex number z by z. 

Concluding this section, we specify the notion of one-way LOCC channels. For bipartite Hilbert spaces 
Hab and Kab, a channel N £ C(Hab, K-ab) is called a LOCC channel with one-way classical communi- 
cation from A to B, if can be written in the form 

D 

Af{p) = J2 A k® B k(p) ( 2 ) 
fc=i 

for every p £ S{H.ab), where D is finite, {Ak}k=i C C^(Ha, K-a) is an instrument, i.e. Ylk=i Ak ^ s tracc 
preserving, and {Bk}® =1 is a set of channels mapping states ouWb to states on JCb- The interpretation 
of (|2|) is, that B chooses a channel for his system which depends on which of the D operations has been 
realized on A's system. 

The amount of A — > B classical communication required for application of Ai is therefore determined by 
the possible measurement outcomes assigned to the operations Ai, Ad, i.e. a message of lenght [logD] 
bits has to be communicated. 
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2 Definitions and main result 



Let X C S(Rab) be a set of bipartite states with subsystems distributed to (possibly) distant communi- 
cation partners A and B. An (Z, fc;)-mcrging for X is an one-way LOCC channel 

M t : B(K,%) ® B(ft®k) «(4 B ) ® B(Hf, B ), 

with local operations on the A- and the B-subscripted spaces and classical A — > B communication, where 
/C^ ~ /C^ for i = 0, 1 and fc; := dim/C^/ dim/C^. A real number R is called an achievable entanglement 
rate for A", if there exists a sequence of (I, fc/)-mergings with 

1. limsup j log(fcz) < R 

2. MF(Mt <g> id H 0i((/) l o ® i/'Ibs), 0i ® iPb'be) ~> 1 for z ^ 00 • 

where </>q G 5(/C^' B ) and 0^ S <S(/CVg) are maximally entangled states on their spaces. We demand that the 
Schmidt ranks of these states do not grow more than exponentially fast for I — > oo, i.e. dim/C^'', dim/C^'' < 
2' c for all Z S N and some constant C > 0. Note that the fraction dim /C^ / dim K, 1 ^ equals, by definition, 
the fraction of the Schmidt ranks of the input and output entanglement resources (f> l and 4>\ . Therefore, 
the expression j log(fcj) corresponds to the number of maximally entangled qubits (ebits) per input copy 
consumed (or gathered) by the action of A4i- 

The infimum in the second condition is evaluated over a set X p which contains a purification iPabe on a 
space 1-Labe for each pab hi X. ipB'BE is the state i^abe where the A-part is located on a Hilbert space 
Hb' under B's control. The fidelity measure in[2j) is independent of the choice of the purifications (which 
will be shown in the next section). We frequently use the abbreviation 

F m (pAB,M) := F(M®idu E (<l>o ®4>abe),(I>i ®4'b<be) 

for a state pab and a merging channel A4 for pab arid frequently not specify the space Re explicitly. 
The maximally entangled input and output states 4>q and (f>\ are considered to be determined by M. . The 
optimal entanglement rate C m (X) 1 i.e. 

C m (X) := inf{i? : R is an achievable entanglement rate for A"} 

is called the merging cost of X. 

The main result of this paper is the following theorem, which quantifies the merging cost of any set X of 
bipartite states. 

Theorem 1. Let X C S(Rab) be an arbitrary set of states on Rab- Then 

C m {X) = sup S{A\B; p). (3) 

To prove the achievability part of the above Theorem Q] we show that we find universal protocols for 
state merging within the class of LOCC operations which was used by the authors of [18]. We give a 
brief outline of our proof of Theorem [TJ In Sect. 13.11 we state and prove some important facts about the 
fidelity measure under consideration. We follow this path and recall the decoupling lemma given in [18] 
in Sect. 13.21 On this basis we establish a one-shot bound for finite sets of states in Section [3~3l To this 
end we utilize techniques developed in [7] and [8] for proving coding theorems for compound quantum 
channels. In Sect. 14.21 we provide the direct part of our merging theorem for finite sets of states and 
extend these results to arbitrary sets in Sect. 14.31 The converse theorem easily carries over from [TS], and 
we just provide the missing link in Sect. 14.41 
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3 One-shot result 



3.1 Properties of the fidelity measure 

In this section we aim to prove some important properties of the merging fidelity. 

Lemma 1. Let M : B(K. AB <£> Hab) ~> B(K. AB (8 Hb'b) be a channel, 4> £ S(K. AB ), and <f>\ £ S(K. AB ) 
maximally entangled states. Then the following assertions hold 

1. For any state pab G S{H A b) on %ab with purification 4>abe G S(Habe), 

z 

F(M <g> id-H B ((f>o <8> ^abe), 4>i ® Vb'be) = \tr(p z p A B)\ 2 

2=1 

holds, where pi, ...pz are elements of ' B(Hab) which depend on M., cj>g and <j>\. 

2. Merging fidelity is a convex function of the input state. For any two states p\ and P2 on Hab and 
A g [0, 1] 

F m (X Pl + (l-X)p 2 ,M) < XF m (p 1 ,M) + (1 - X)F m {p 2l M) 

holds. 
Proof. Let 

z 

M(-) :=^m,(>; 

2 = 1 

be a Kraus decomposition of M with operators m z £ B(KP AB Hab,^\b ® Hb'b) f° r every z £ 
{1,...,Z}. We define channels V and W which incorporate the input and output states <f>o and <j)\. 
Let V G C(Hab,K-ab ®'H-b'b) be the channel constituted by Kraus operators v z £ B(Hab,K-ab ®^B'b) 
defined by 

v z x := m z (0 o <8 
for every 1 < z < Z, x £ Hab and W(-) := w(-)w* with 

wa; := 0i ([/ <E> ln B ) x 

for every a; € Hab- Here, [/ G B(Ha,Hb) is the isometry which identifies Ha and Hb'- With these 
definitions at hand we have 

F(M ® idu E {(t>o ® fpABE),<j>i ® ipB'BE) =F(V <8 idu E (tpABE),yV ® idu E {ipABE)) 

z 

= ^2((w® l HE )i>, (v z <8 1« E ) |V) (VI («» ® l« B )*(w ® • 

2 = 1 

(4) 

The RHS of (j4|) is due to the fact that the fidelity admits a representation in terms of an inner product if 
one of the inputs is pure, see eq. ([TJ . The summands on the RHS of eq. (j4]) can be written as 

(V, (w*v z (8 1 He ) |V) (VI (v*w <8 1« E )V) = (V, (tu*«« ® 1« E )V) (V,(w*W2®1-h b )V) 

= |tr(K^(8l WB )|V) (Vl)l 2 

= \tr(w*v z p A B)\ 2 ■ (5) 
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Inserting the RHS of eq. ((SJ) into (g]) yields 

z 

F(M®id HE ((j)Q®il) A BE),^i ®iPb>be) = ^2 \tr(w*v z p AB )\ 2 , 

2 = 1 

which is the desired result, if we set p z = w*v z for every z. The second assertion of the Lemma is a direct 
consequence of the first one. □ 

3.2 Protocol and decoupling for single states 

In this section we briefly recall a result from |18| which marks the starting point for our investigations. 
Fortunately, the protocol constructed there, which is of relatively simple structure, can be modified for 
our purposes. Let d A be the dimension of the Hilbert space Ha- For an integer < L < (1a we use the 
term L- merging if we speak of a channel 

M : B(Hab) B(fC AB ) <g> B{H b >b) 

which is of the form 

D 

M{p) = ^2 i a k ®u k {p)a* k ®u* k , (6) 

for every p e S(Hab)- Here D is defined D := L^f-J and Ka and Kb are Hilbert spaces with dim/C^ = 
dim Kb = L and Ka C Ha is a subspace of Ha, where 

• { a fc}fc=o *- &(Ha, Ka) is a set of rank L partial isometries (except ao which has rank — L-D < L) 
with pairwise orthogonal initial subspaces (in the following, we call such channels L -instrument for 
short) . 

• i u k} k =o c B(Hb,Kb (8 Hb'b) is a family of isometries. 

We abbreviate the corresponding operation with A k := a k {-)a\ for every k. Let i/jabe be a purification 
of pas on a Hilbert space "Has e ■ For notational simplicity we define abbreviations 

p k := tr(a k p A a* k ) and Pae tv u B (A ® (iPabe))- 

for every fc <S {0,...,D}. The following lemma is taken from [18], we repeat it here including a sketch of 
the proof which we give for the convenience of the reader. 

Lemma 2 (cf. [TS], Prop. 3). Let pab be a bipartite state on Hab and {a k }^ =0 C B(Ha,Ka) an L- 
instrument. There exists a family {itfc}j? =0 °f isometries completing {a k }^ =Q to an L-merging M. which 
satisfies 

F(M ® id HE {ipABE),(t)L ® ipB' be) > 1-Q. 

where Q is defined by 



Q:=2[po + J2 



L 

Pae - -j-^l <S> pe 



fc=i 



(7) 



Here, the state <f>L is maximally entangled on Kab and ttl denotes the maximally mixed state on Ka (i-e. 

L )■ 
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In the following proof, the well known relations (see |15j ) 

F(p,a) > 1- and (8) 



\\p- <t||x < 2^1- F(p,a) (9) 
between trace distance and fidelity of any two states p and a on a Hilbert space % are used. 

Proof. For every fc, < k < D the (subnormalized) state Ak <S> id^i E (iPabe) is a purification of p k AE and 
0l 55 ipB'BE is a purification of ttl <8> Pb- These facts and Uhlmann's theorem ([24], see [19] for the finite 
dimensional version) guarantee that for every k £ {0, D} there exists an isometry u k '-T-Lb ~> ^b®T~Lb'B 
satisfying 

F(A ®U k ® idu E {^abe)Al <8 iPb'Be) = F(p AE ,n L <g) p B ), (10) 

where := Uk{-)u* k . The rest is mostly done by lower bounding the fidelity in terms of the trace 

distance. Given the case that pk > for k, using ([8]) we have 

F{pae^l® Pe) =PkF (—P ae ,ttl®Pe 
\Pk 

>Pk-\\P A E-Pk^L®PE\\l- (11) 

In case that pk — for fc, F(p AE , ttl <8> Pb) = 0. Taking the sum over all fc we arrive at 

Fy}2Ak®Uk®idu E {i } ABE),(i>L®'il>B>BE \ = ^ F(p AE , ir L <g> p E ) (12) 

\fe=0 / fc=0 

D 

> l-^\\pAE-Pk*L®p E \\l (13) 
k=0 

D 

>l-2p Q -Y J \\p k AE-Pk^L®PE\\l- (14) 

Eq. (fl"2"]l follows from the linearity of the fidelity in one of the inputs given the other one is pure and (fTT)]) . 
For (fT3"|) we used (fTTj) along with the fact that ~^2 k=0 Ak * s a cnanne l implying ^2 k p k = 1- The RHS of 
(fT4"|) holds because the trace distance of any two states is upper bounded by 2 which ensures 

\\P°AE -PO^L ® Pe\\ \ < 2P0- 

It remains to show that \\p AE — Pk^L ® Pe\\i < 2\\Pae ~ Z7 7r £ ® AeIIi; which can be seen as follows. It 
holds that 

\\PAE -PkKL ®Pe\\i <\\P A E - J^L®PE\\l + \Pk ~ 
<2- \\PaE-J- TtL®PE\\u 

where the first inequality is obtained by adding a zero and applying the triangle inequality together with 
the fact that every quantum state has trace norm one. The second line is by monotonicity of the trace 
norm under the action of cptp maps. □ 



3.3 One shot bound for finite sets of states 

In this section we consider a finite set X := {pAB,i}iL\ of states on Hab and derive a bound for the 
minimal merging fidelity of the states in X which is based on Lemma[21 The main ingredient for the proof 
is the observation, that a good merging scheme for the averaged state 



N 

1 

Pab 



1 N 

M Yl P^B,i (15) 



N 

i=l 



will be good for every single member of X. This is due to convexity of the merging fidelity (see Lemma 
[1]). Now let ipAB E,i be any purification of Pab,% on Habe for every i £ [N]. The state 



1 N 

Habr) (^abr\ ■= \^ABE,i) (ipABE,j\ ® M (ej I (16) 

with {ei}fL 1 being an orthonormal basis in is a purification of ~p~ab on Wabr with Hr := He <8> C^. 
The following lemma provides a lower bound for the fidelity of an L-merging of J>a B in terms of quantities 
determined by the states in X. 

Lemma 3. Let {pAB,i\iL\ be a set of states on Hab- Then for the corresponding averaged state p~aq and 
purifications ipABE,i, ■■■,ipABE,N , Leraraa\^ also holds with Q replaced by 



\ k=i ij=i j 



where L^j := L ■ mirim^^ijylrank^pE.rn)} and 



2 

PAE,ij ~ £[KL ® PE,ij 



ij ' 



2 



Here we used the definitions 

4>ABEAj ■= \lpABE,i) (4'ABE,j\ , PE,ij ■= tr WjlB (lpABE,ij), and 
PAE,ij : = tT U B ((Ofc ® )^ABE,ij K ® 1"Hbe)) 

fori,j e[N],ke[D]. 
Proof. Define 

Pr ■= teUAB&ABR% and Par : = tT u B ((ak ® l-H B JVUBfl( a fc ® 1« B J) 
for every fc 6 [£)]. We bound the trace distance terms on the RHS of ([7]) for pab with its purification 
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introduced in eq. (fTl)|) . Explicitly, for every k £ [D], we have 



[Par 



-tt l ® p R 



(a) 



1 w 

TV E 



(b) 1 
< — 

~ TV 



(c) 1 

TV 



N 

E 

N 



PAE,ij 



PAE,ij 



"A 



7TL <X> AE,- 



A' 



(d) 1 
< — 

~ TV 



E^ 



PAE,ij 



PE,; 



where Lij :— L ■ min{rank(pE ! i), rank(pEj)} for every 1 < i,j < TV. The above (in)cqualities are justified 
by the following arguments, (a) by definition of ~p R and ~p AR , (b) by use of the triangle inequality and (c) 
because the trace norm is multiplicative with respect to tensor products and the equality || |e;) (e^ | ||i = 1 
for all 1 < i,j < TV. The well known relation ||x||i < \/r||x||2 between the trace- and Hilbert-Schmidt 
norms with r being the rank of x justifies (d), if the rank of the matrix 



pE,ij 



is smaller or equal than for all i,j G [TV]. This is fulfilled, which can be seen as follows. Let with an 
orthonormal basis {fk}^™® of He, 







ABE,, 



(17) 



k=l 



be a Schmidt decomposition of ijjABE,i for every 1 < i < TV, with the Schmidt coefficients incorporated in 
the first tensor factors. This is always possible since we are free in the choice of the purifications. Using 
(fTT|) , one can verify, that 



k L 

PAE,ij ~ ~J~^ L 



PE,ij 



k=l 1=1 



(i) 



AB,l' VAB,k 



1 d A 



*L ®|/*> (fl\ 



holds for every i,j £ [TV]. This expression can be interpreted as an r, ; x rj block matrix with each block 



an L x L matrix. It has therefore rank smaller or equal L ■ min{rj, r^}. 



□ 



Let L € {1, cIa} be fixed and an arbitrary but fixed L-instrument A := {Ak)k=i *- C^(Ha,^a) be 
given. Every unitary v £ 5S(Wa) defines a channel V € C(Ha) via V(-) := v(-)v* . With these definitions, 
for every v, we get an L-instrument A(v) with 

A(v) := {A k o V}Lo- 

Every collection of isometric channels {Uk}k—o C C(Wb,ICb ® T~Lb'b) completes A(v) to an L-merging 



^A k oV ®U k {-) 



(18) 



fc=0 
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We define the function 

D 

F m {p,A(vj) := max F m (p AB , V A k o V <g> «*(■)) (19) 

{"*}£=„ 

for every w e 11(7^), p G S(%ab)- The maximization in (fT!?j) is over all collections {Uk} k=0 C C(Hb, K-b® 
T~Lb'b) of isometric channels. 

The expected merging fidelity under random selection of such L-mergings according to the normalized 
Haar measure on H("Ha) is bounded in the following lemma, which is the key technical result for the proof 
of the merging theorem. 

Lemma 4. For L G {1, ...^oIa], a set {pAB,i}iLi of states on Hab and ipABE,i o, purification of pab,l on 
'H.abe for each i, we have 



I F m (p AB ,A(v)) dv>l-2 + 2 • V Jl ■ rank(p E ,i 



i)\\pB,i\\iJ (2°) 

where the integration is with respect to the normalized Haar measure on a)- 

To prove the claim of Lemma [4] the following two lemmas are needed. 
Lemma 5 ([7], Lemma 3.2). Let L and D be N x N -matrices with nonnegative entries such that 

Lji < Ljj, Lji < La andD l3 < nn\x{ I),,. I),, \ 

for all i,j € {1, N}. Then 

N ^ N 

i,i=l i=l 

Lemma 6. Let r and £ be elements of a bipartite Hilbert space H ®W . Then 

||tr w (b-><£|)||!< max ||tr w (|x)<xl)lli 
xG{t,£} 

Proof of Lemma\Q Choose an orthonormal basis {e m }m=i m W where d := dim(H'). The elements <p 
and ip can be decomposed in the form 

d 

tp = ) <p m ® e m and 



m— 1 
d 

m— 1 



m—l 

with suitable elements ipi,...,tp^ and ipi, ...,tpd m With these decompositions 

d 



11 



Therefore 

d 

\\teu>{W)m\i = \\Y.\v™)^™\\\i ( 21 ) 

m— 1 

/ d \ 



|tr £ (l^)(V m |r(IVn)(Vn|) I (22) 

\m,n— 1 / 
d 

I E (<Pm,<Pn) (i>n,i>m.) |- (23) 



m,n— 1 

To show the assertion of the lemma consider hermitean d x d matrices X and Y with entries X mn := 
(ip m ,ipn) rcsp. Y mn := (ip m ,i/) n ) for < m,n < d. Then the RHS of (j2"5)l can be read as tr(XY), and we 
have 

d 

| ^ (^ mV? „) (V„,V>m) I = |tr(A"y)| 
m,n— 1 

< ll^lbll^lb (24) 

< max \\Z\\%, 
~ ze{x,Y} 



where the RHS of (|2^|) is an application of the Cauchy-Schwarz inequality. It is easy to see that \\X\\\ = 
W^wiW) (vl)lll and ||Y||| = lltr^(IV^) so we are done. □ 

Proof of Lemma^ First we have to convince ourselves, that F m (j> AB ,A(-)) depends measurably on v G 
S1(Ha)- For each fixed set {Uk}k=o' tnc function F m (p AB , J^feLi Ah ° V ®Uk) clearly is continuous in 
v, therefore, F m (ji AB , A(v)) as a maximum over such functions is lower semicontinous, which implies its 
mcasurability. 
Using Lemma [3] we get 



with error 



F m (p AB ,A(v)) >1-Q V 



(^EEv^l) 

\ k=l i,j=l ) 



Here pg := tv((Ao o V)(p A )), 



and 



PAE,ij,v ~ TI^L ® Ps.ij 



ij,v 



P k AE,n,v : = A ° V(tr KB (V>ASE,y)). 



By virtue of Jensen's inequality 

D N 
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holds. It remains to bound the expectations in the right hand side of the above inequality. This was 
already done in Lemma 6 of [18]. We have 

T* v dv< ^\\tx n MABE,i) ^abbA)\\1 and f P v dv < A ( 25 ) 

U(Ha) a A JiX{U A ) a A 

Abbreviating D l} := \\tr B (\iJ->ABE,i) {4'ABE,j\)\\\ for every i,j e [N], ((25j) implies 



L 1* ' I V 



fc=l i,j=l 

I T, 1 

< 2 



^ + ^Ev^A7j- (27) 



The second inequality follows from the fact that the summands on the RHS of (|2l)|) are independent of 
k and D-j- < 1 by definition of I?. By definition of Ly, clearly Lij = mm{Lu 7 Ljj} for all i,j and so 
the first assumption of Lemma[S]is fulfilled. The second assumption (i.e. < max{_D„, Djj}) holds by 
Lemma [SJ Using Lemma [SJ we obtain 

f Q v dv<2 f-^ + 2V v /L-rank( PB . 4 )||m 4 |li ] ■ 

Note that we replaced H/OAB.ilb by ||pB,i||2 for every i, which is admissible, because they are complementary 
marginals of a pure state [5] . □ 

Corollary 2. Lemma^ provides the desired bound on the worst-case merging fidelity for finite sets. If we 
choose M to be composed of the L-instrument A(i>) for some v which fulfills the bound on the right hand 
side of <n?Tjj). and {Uk}^ =1 which is a maximizer realizing F m (j) AB , A(v)) for v (see eq. U9\) ). we have 



F m (p A B,M) > 1-2 



L 
dA 



2 Y1 \J L ' rank (PE,i)\\PB,i\\l I 



which implies, together with the convexity property of F m (see Lemma\^, 

N 



mmF m {p A B,i,M) > 1 - 2JV I — + 2 Y] Jl ■ rank(p E ,i)\\pB,i\\l 
ie[iv] \ d A f— ' V 



4 Proof of the merging theorem 
4.1 Typical subspaces 

Here we state some properties of frequency typical projections which will be needed in the achievability 
proof. The concept of typicality is standard in classical and quantum information theory. Therefore we 
provide just the needed properties which can be found (along with basic definitions) in [7] (see [9] for the 
properties of types and typical sequences). 

Lemma 7. There exists a real number c > such that for every Hilbert space % of dimension d the 
following holds: For any state p on fi, S e (0, |) and I e E there is a projection qs,i € B(H® 1 ) (its 
so-called frequency typical projection) with 
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1. tr(q s ,ip® 1 ) > 1 - 2- l ( cS2 - h ^ 

3. 2 l ( s (p^v(S)-h(i)) < m nk(q5,i) < 2 l ( s ^+^ s » 

where the functions <p(5) — > for S — > and h(l) — > oo for I — > oo. Explicitly they are given by 

d S 
h(l) = — logfeJ + 1) and ip(5) = —51og — 
I d 

for all I eN and S G (0, |). 

4.2 Proof of the direct part in case of finite sets of states 

In this section we prove the optimal merging rate theorem using our one-shot result from Lemma [U We 
first consider a finite set X := {pAB,i]iL\ C S(Hab) with purifications i^abe,i, ■■■,'4>abe,n € Habe- For 
these states we introduce some sort of "typical reductions" . We define 

7,1 _ 1 ~l ,(g>l 

WABE,i,S ■— / „„ Qi.0ABE,n 

where w iA i ~ Hl\,s^ABE,i)> 

P l B,i,8 fo n f E {'<i>' A BE,i,s)> and pE,i,S : = tv uf B ^ABE.i,s)- 

for all i € {1, N}, I € N and 5 G (0, i). Here q\ s is given by the typical projectors qA,i, Qb,i and qs,% of 
the corresponding marginals of ipABE.i 

q, ■= qAs <8> gs,i ® 

(here and in the following, the indices 5, 1, i are sometimes omitted for the sake of brevity). The following 
lemma provides some bounds needed later 

Lemma 8. With the definitions given above, we have 

1. Wi,s,i > 1 ~ 4 • 2- l ( cS2 - h W 

2. \\p l B , hS h < wr^2-iC s (^)- 3 ^)-fc(0) 

3. rank{p l EiS ) < 2 l (S(pAB,i)+ V (,S)) 

for all i G {1, N}, S € (0, \) and I e N. 

Note, that the functions ip and h in Lemma [7] depend on the dimensions of the individual Hilbert space, 
however the above lemma clearly holds if we take the functions tp and h in Lemma[7]with d = dim^ abe)- 

Proof. 1.) Some simple algebra shows that 

q = 1.4BB - 1A ® 1b ® ^-E ~ 1a®^B ® IE 

- lx ® 1b ® qh ~ 1a ® 1b ® Qe 

> Iabe - qi ® Iss - 1a ® 9s ® 1b 

- 2(]Ub <E> ?b) 
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holds. Therefore 



w iA i = tx{q^f BE J (28) 

> 1 - tT(ql % pf j tr(q^pf j 2tT( q ^ iP %) (29) 

> i_4. 2 -( c52 -' l W). (30) 



2.) We first show, that 



tr (tr« Als tfl>f B J?) < tr {{q l B pf q l B f) (31) 

holds. Note, that 

tT nf E ((lA ® 1« B ® 8b)<A|bb(8a ® 1«b ® 8b)) = tr «^ ((8a ® 1 ® Sb^Ibb) . (32) 
Additionally, we have tr w ®i {{q l A ® lu B ® 8s)V'1b£:) < /°1 > because 

" tr «®< ((8a ® 1« B ® 8b)^ABb) = tr W®' («A ® 1« B ® 8eV>/ 



ABB/ 

■tr^w (g* A <g> 1 Wb <g> g^Vf be 



+ tT uf B (l l A ® 1«b ® 8b . 
where all of the summands on the RHS are nonnegative operators. Therefore 

tr [^ n?E {q\ s ^% Ei q\ s f^ = tr (V^tr^O^ ® 1* B ® Pe^abe^b) ') 

< tr ((« z B PiVB)(8Btr W 5« ! (p!i ® 1« B ® Pb^Ibe, 4 )8b) 
<tr((^l^) 2 ), 

which proves eq. (f3Tj) . The above inequalities rely on the fact, that tr(A(-)) and q l B {-)q B are positive 
maps, if A is a nonnegative operator. Finally we arrive at 

\\pB,i, S \\l = W i,h tT ^H%$i,S^ABE,iA,5?) 

< ((Q l B,i,sP%A,i,s) 2 ) (33) 

< w-lM^s) ■ 2- a W'».')-*W> (34) 

< 7/," 2 0-i(S'(p B ,i)-3v 3 (5)) 
— 



where the RHS of eq. ((33)) follows from (|3"Tj) , and (|34|) results from Lemma [7] 2 applied twice. The last of 
the above inequalities follows from Lemma [713 . 

3.) follows from the third claim in Lemma[7]and the fact that S(pAB,i) — S(pE.i)- D 

Theorem 3. For a finite collection X := {pAB,i]f = \ of states on Hab it holds 

C m (X)< max S(A\B;p AB ,i). 
»e{i,...,jv} 

Proof. The proof is similar to the corresponding one in |18j , but uses the one-shot bound given in Lemma 
IH We show, that the for every e > 0, the number max ig [jv] S(A\B; pAB,i) + e is an achievable rate for 
a merging of X. First assume, that max ig [7v] S(A\B; pab.i) < 0. Let S <G (0, |) such that | < (p(S). It 
suffices to consider e with < e < | maxi<i<jv S(A\B, P ab,i)\- Define 

f j[ ■— — ^(max i( = [JV ] S(A\B;p AB ,i)+e) \ 
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According to Lemma 0] along with Corollary [21 there is an Z^-merging Mi which fulfills 
min F(Mi ® id H m (^y), 4> Ll ® ^b'Be^s) >1-NQ 

i£[N] e 



with 



With help of Lemma [5] it is easy to bound the summands on the RHS of cq. ([55]) . Explicitly it holds 



dirndl*) " tx{q A , 



Li-mnk(p l EM )\\p l B l J 2 2 < 14 2 _ 



l(c6 2 -h(l)) ' 



Therefore 



holds, where 



min F{Mi (8 id n ®i(i/; ABE a ), Li (8 ^ B 'BE,i,s) > 1 - /0> ^ 5 ) 



/(I. ^ *) - 2Ar ^ + ^ 1-4.2-1(^(0) ) (36) 

for I, N e N and 5 € (0,^). The desired bound for the merging fidelity of the original set X of states 
follows from Winter's gentle measurement Lemma (cf. |25j . Lemma 9). Explicitly, it holds 

minF(p% Mi)>l-f(l,N,5). (37) 

where f(l,N,S) := 2\Jf(l,N,6) - 2^32 • 2"'( c,52 - /i W). It remains to consider the case 
maxj e (i i .,, i jv} S(A\B; pAB,i) > 0. The above argument can be used with additional assistance of a suffi- 
cient amount of entanglement shared by the merging partners. Let (f>K be a maximally entangled state 
shared by A and B of Schmidt rank K := 2r max *e[«J S(A\B,p AB , t )~)+i t j ien f or cvcr y { the state 

4>K ® PAB.i 

has negative conditional von Neumann entropy. Therefore the above argument holds for these states 
giving an L;-merging Mi with 

l Jl — 2" K max i<i<w S{A\B,pAB,i)— r max «e[N] S(A\B,p AB ,i)'\— 1+e) ^gg^ 

and min^g^] F m (((j)K ® PAB,i)® 1 , M-i) is lower bounded by a function as on the RHS of cq. (f37|) . Some 
unitaries, resorting the bases do the rest. Because 



7 log = maxS(A\B, p ABli ) + e + o(Z°) (39) 

I \Li J ie[N] 



we are done □ 
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4.3 Proof of the direct part for arbitrary sets of states 

In this section we aim to show that the achievability part of Theorem [1] does hold for any arbitrary set X 
of states as well. This can be achieved by approximating A" by a sequence of (finite) nets and using the 
result obtained in the previous sections. The argument parallels the one given in case of general compound 
quantum channels in [5]. 

A r-net in S(H) is a finite set {pi}fLi such that for each state p on H there is at least one i £ {1, N} 
with \\p — pi ||i < t. We find such a finite set for every r > due to compactness of S(%). For our proof 
we have to ensure, that we find T-nets with cardinality upper bounded in an appropriate sense. This is 
the claim of the next lemma, which is a special case of Lemma 2.6 in [20] . 

Lemma 9. For any r G (0, 1] there is a r-net {pi}fLi in S(H) with cardinality 

AT < [ - 



Proof. The proof is exactly the same as in [7] with the sets and norms replaced by the ones which are 
subject here □ 

Let X C S (T-Lab) be an arbitrary set of states on T-Lab- For a J-net X T , which fulfills the bound given 
in Lemma [SJ i.e. 



\X T \ < 

where cIab '■= dim('HAB), we define the set 

X T := {p t G X T : Bp G X with \\ Pl - p\\i < (40) 
The following lemma provides some statements concerning r-nets needed later. 

Lemma 10. Let X C S(Hab) be a set of bipartite states on T-Lab and X T , for r G (0, -], the set defined 
in H holds 

1. |AV|<(f) 2 ^ 

2. For every p G S((Hab) there is a state pi in X T satisfying 

\\p^ - pfW, < I . r, 

3. \supS(A\B,p) - max S(A\B,p{)\ < t + 2 ■ r log (^-) ; and 

P ex Piex T 

4- Let M. be any merging operation for states on T-Lab- Then 

min F m (pf,M) > 1 - e => ia£F m (j> & ,M) > l-2^-4VT~r~ (41) 

Pi£X T pGX 

Proof. The first assertion is obvious from the definition of X T . The argument which proves the second 
one is exactly the same as done in [7] for channels. The third claim is a consequence of Fannes' inequality. 
Namely, to every positive real number r we find states p' in X and p, in X T such that 

\\P'-Pi\\x<r (42) 
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and 



S(A\B, p') > sup S(A\B, p) — t. (43) 



Eq. (gSj) implies 

' d A i 



S{A\B,p')-S{A\B, Pi )<2r\og 

via an twofold application of Fanncs inequality [13) . Therefore 

sup S(A\B, p) — t < S(A\B, p') (44) 
pex 

<S(A\B,p l ) + 2r\og(^). (45) 

T 

which proves the assertion. To verify the last claim of the lemma we first fix a purification corresponding 
to every member of X T (remember that we are free in our choice of the purifications). Let Vabb,i be a 
purification of pab.% on "Habe for 1 < i < N. Let pab an arbitrary element of X, then we find at least 
one element of X T satisfying 

||PAB,i - PAB ||i < t. (46) 
As a consequence of Uhlmann's theorem, there exists a purification ipAB e of pab on Hab e such that 

npf B ,pf B ,i) = F('>P%E,Tp%E,i)- (47) 
Now let 4>o and <pi the maximally entangled input and output states associated with A4, then 

F m (pf B ,M) (48) 
= F{M <g> id n m (0 O <g> ^f BE ), 0i <g> Vb'bb) (49) 
> l-\\M®id n ®i(4> ®^% E )-<t>i®ipf, BE \\i (50) 

where the last inequality follows from the bound given in eq. ([5]). By an applications of the triangle 
inequality, the trace distance on the RHS of eq. (|50[) is upper bounded by 

\\M ® id n m (0 O 8) ipf BE ) - 0i <g> VI/bbIIi <||M ® «d w |i(0o ® ^abb,*) - & ® ^bb,Ji 

+ ||M®id W |i(0 o ®(^& B -^B,i))lli 

+ Ul®{<.BE-<iBE,i)h- (51) 

By monotonicity of the trace distance under the use of channels and eq. (|4l)|) , each of the two last 
summands can be upper bounded by HV'abb i — V 1 abb Hi' anc ^ 



II^bb.-^IIi <2 V /1-F(p«' (52) 



<^\\pf B ,- pf B \V 

< 2Vh (53) 

holds. Eq. ([52"j) is justified by (|17]l along with the relation given in eq. ©, and ([53)) is by the second 
claim of the present lemma. The first summand is upper bounded by 

\\M®id H 9i(<t> ®$f BE i )-<f> 1 ®il>g, BEi \\ 1 < 2^1 (54) 
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again with eq. ([§]) and the assumptions. Eqns. ([5"Tj) . (|55|) and (f54"|) justify 

inf F m (p|^,^)>l-2Vi-4ViT (55) 

□ 

Theorem 4. Let X C S{T-Lab) be an arbitrary set of states on Hab- The merging cost of X is bounded 
from above by 

C m {X) < sup S{A\B, p). (56) 

pGX 



Proof. We show that 



sup S{A\B, p) + e 

p£X 



is an achievable rate for every e satisfying < e < | sup pgA . S(A\B, p)\. Fix r G (0, i) for the moment 
and consider the corresponding set X T given in (|40[) which approximates A". According to the proof of 
Theorem[3]wc find, for I large enough, an (I, fc;)-mcrging with 

ki < 2^ maXl ^ i £ JV T S(A\B,pt)+e) 

< 2 '(su Pp£ ^ S(A\B,p)+e+T+2rlog gM^Afll )^ 

where the second inequality is from Lemma 1101 Another consequence of Lemma [10] is the inequality 



inf F m (p® l ,Mi) > 1 - 2y/f(l,N T ,S) - 4VT7. (58) 



If we now choose a sequence {T/}; e N such that lim;-^ t; = and lim^oo \Jl ■ n = and N n growing 
polynomially (which is possible because Lemma[9]holds) , then ([57)) and ((58)) show that sup peX S(A\B, p)+e 
is achievable. □ 



4.4 Proof of the converse part 

Because we have shown that any rate above the least upper bound of the entanglement costs of the 
members of X achievable, our converse follows immediately from the original converse for single states 
from [18j . The argument given there is based on the fact that entanglement measures must be monotone 
under LOCC operations along with an application of Fannes' inequality. As the proof is carried out in 
detail there, we just extend the argument to our present case. 
Let S > and xab a member of X which satisfies 

S(A\B, X ab) > sup S{A\B,p)-S. (59) 

Following the argument of the single state converse, we arrive at 

j log(fc ; ) > S(A\B, xab) - 9(l)2V~e(l - Iog(2>/i)) 

= sup S(A\B, p)-S- <?(Z)2\/i(l - log(2Vi)) (60) 

p£X 

with a function g which is 0(1) for I — > oo. Therefore the entanglement cost of X is least 
sup p£X S(A\B,p) — 6 for every S > 0. 



19 



5 Classical communication cost of state merging 



Having determined the optimal entanglement cost of a state merging process, we consider the classical 
cost of state merging in this section. By classical cost, we mean the rate of classical communication from A 
to B, which is at least required for an asymptotically perfect merging process. More precisely, if {M.{\'^L 1 
is a merging for a set A", where A distinguishes Di measurement outcomes (see Section O eq. ©) within 
the application of Mi, the classical cost is given by 



R c = lira sup -[log A]. 

I— y oo <■ 

In case of a single state pab , the minimum rate of classical communication for protocols achieving entan- 
glement rate R q = S(A\B, pab) was determined in |18j as R c = I(A; E, pae), where pae is the marginal 
on the subsystems belonging to A and E of an arbitrary purification ipABE of pab- In this section we 
deal with the case of a set of states to be merged and for the sake of simplicity, we restrict ourselves to 
finite sets of states. Clearly, the classical communication cost for a merging procedure for a set X of states 
is lower bounded by the maximum of the communication costs for the individual states in X . This is a 
direct consequence of the known result for single states, which was given in |18) . The original proof given 
there is based on properties of the closely related "mother protocol" pQ and general assertions within the 
resource framework from |12j . Here, we give a more elementary proof for the reader not familiar with the 
results of |12|.[I]. Moreover, this result and a converse statement for the case that A and B are restricted 
to L-mcrgings show, that the protocol class we considered to show achievability of the merging cost, is 
suboptimal regarding the classical cost. 



Proposition 5 (cf. [18], Theorem 8). Let pab € S(Hab) 
a space Uabe and e <G (0,1). If M(-) := ^2 k=1 Ak ® Bk(- 
communication for states on 'H A )l B with 



be a bipartite state with purification tpAB E on 
) is a merging with A — » B forward classical 



F(M (8 id H m (4> K 8> ^>% e ),4>l ® i>f>B E ) > 1 - 6 
holds with maximally entangled state 4>K,<i>L of Schmidt rank K resp. L, then 

j log(£>) > I(A; E, pae) - 6Vi ( j log(KL) + log dim^s) - 3^(2^) 



holds, where the function rj is defined on [0, 1] by 



— xlog.T < X < - 

l£g£ I < x < 1 



(61) 



(62) 



(63) 



and ?/(0) := 0. 

Proof. The proof is inspired by ideas from [TB|. Fix e £ (0, 1) and I € N. Let 4>k & K-ab an( ^ € lO AB 
maximally entangled input resp. output states of the protocol such that with notations 



i'O -=(t)K® IpABE, and V'l : = <t>L ® i>B' 



B'BE 



cq. (|6Tj) reads 



F(M <g> id H ®i (V>o), ^i) > 1 - e- 



(64) 



We use the abbreviations U BE := K.% (g) %% l E , Pk ■= tr(A ® id^^ifjo)) for k e [D], and T = {k € [D] : 
Pk 7^ 0}. For the von Neumann entropy it is known, that it is almost convex, i.e. for a state p defined as 
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a mixture p := Y2i=iPiPi °f quantum states, 



N 



S{p) > H(p u ...,p N ) +^2piS(pi) 

i=l 

holds, where H(pi, ...,Pn) is the Shannon entropy of the probability distribution on [N] given by p±, ...,p?j. 
Using this fact, we obtain the lower bound 

logD>H{ Pl ,...,p D ) 

> S [ V A k <g> id H o a (fo) I - \n k S[—A k ®id n , l (^ ) I (65) 



S ( ^A k ®idHO BE {ijj ) \ - ^PkS (—A k ®id n o Bis (i) 0i 

\keT / keT \ pk 



on logD. We separately bound the terms on the RHS of cq. (|65|) . With definitions itk,a '■= tr^o (4>k), 
-kk,b '■= ^ic a ( ( I ) k) an d t^l.a '■= tr /c i j (0L) (these are maximally mixed states of rank K resp. L) and 
A(-) := J2keT we obtain 



s(j:a 



k <8> id H o BE (*). > S(ir KtB ® - S(.4(^,a ® PT)) (66) 

>logi<r + Z5(p BS )-logL- Ai(e) (67) 

= log^-JS(p A )-Ai(e) (68) 

where Ai(-) := 2y^log(L) + r/(2y^). Here cq. (|66l) is by the Araki-Lieb inequality [5], and eq. (|68|) is due 
to the fact that S(pa) = S(pbe) holds. Eq. (|67| is justified as follows. Using the relation between fidelity 
and trace distance from ([9]) along with the fact, that the latter is monotone under taking partial traces, 
implies 

\\A(ir KA ®pf)~Tr L , A \\ 1 <2V~e. (69) 

This, via application of Fannes' inequality leads to 

S(A(tt k , a ® pf)) < S(ir LA ) - 2V~elogL - V (2V~e), (70) 

where i] is the function defined in (|63[) . To bound the second term on the RHS of (|65p , we use Stinespring 
extensions of the individual trace decreasing channels which constitute M.. Let 

v k : JC° A <g> -> /C^ <g> He 

be a Stinespring extension of and 

u k :lC%®H% 1 ^JC 1 B ®H% l , B ®H C " (71) 

be a Stinespring extension of for every fc € [D] . Here 'He" is a Hilbert space associated to A and 'He'" 
belongs to B. We fix notations Vfe(-) := ^(O^fc an d ^fc := ancl denote the normalized outputs of 

these extensions by 

7fc := — Vfe ®U k ® idn,»i (ip ) (72) 

for every k £ T. Note that Vi, Vd are trace decreasing, while Ui, ■■■Md are channels. For every k £ T, 
we have 



5 (^A (8) ^ w ° BE (V>o)) = S (^tr„ c , V fc ® id n o BE (^ 

= S (^tr Hc yk®Uk®id n m{ip ) 



Sitr-Hclk), (73) 
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where the second equality is by the fact that Uk is an isometry and consequently the action of Uk does 
does not change the entropy. Note, that (|64|) implies, because fidelity is linear in the first input here, 
existence of a positive number Ck for every k € T, such that 

F ( —Ak ®Bk® id~j»i (tpo),ipi \ = 1 — cjt (74) 
\Pk / 

and y^fLrPfe c fc — e hold. Because 7^ is a purification of — Ak ®Bk® id^jmiipo) and ipi is already pure, 
Uhlmann's Theorem ensures existence of a pure state ipk on He 1 ® He with 

Ffrktipi ® = max{| (7fe,cr) | 2 : er purification of O on /C^ B ®H% l , BE ®'Uc' ®H C »} 

= i ? (— A®Sfc®ieL,® i (V>o),V'i) (75) 

for every fc G T. From eqns. (|74[) and (|T5[) we conclude, again via the well known relation between fidelity 
and trace distance from ((9]), 

||7fc - Vi ® Vfclli < 2VcI, (76) 
which implies, again via Fannes' inequality and monotonicity of the trace distance under partial tracing 

S (trn c , Ik) < S(ipi ® tr Wc , <^ fc ) + A 2 (c fe ) 

< 5(tr„ c ,^ fc )+A 2 (c fc ). (77) 

where A 2 (-) = 2y^log(dim'H^ B dimHc) + vi'^V')- Consequently, we have 
^PkS (—A k ®id H o BB (ip )) = ^p ft 5(tr Kc ,7 fc ) 

keT ' keT 



<Y^PhS{tr Uot ip k ) + A 2 {e). (78) 



keT 

The above equality is by (|75|) . the inequality follows by (|77|) and the fact, that that A 2 is monotone 
and concave (see the definition of r\ in [63])). It remains to bound ^2 k eT PkS(tru c ,(pk). Abbreviating 

an argument very similar to the one above gives (again via (|76[) and an 
application of Fannes' inequality) the bound 

S ^u\ E (lk)) > S(tr H ! AE (Vi g> Vfc)) - A 3 (c fc ) 

= 5(7r L , B ® ® tr Wo , v>fc) - A 3 (c fc ) (79) 

with the function A 3 (-) := 2y^(log(-K") + llog(dimHAB • dimHc")) + 2^/(^A)■ And, using monotonicity 
and concavity of A3 together with (|79|) . we obtain 



J2PkS(tr n]iE hk)) > log(i) + IS(pab) + Y,PkS{tr nc ,tp k ) - A 3 (e) (80) 

keT keT 

where we used, that S(pb'b) = S(pab) holds. If we now look at X^fcLi Vk®Uk® id n m{-) as an one-way 
LOCC-channel with local operations on systems belonging to A and E on one side and B on the other side 
which transformes the pure input state -00 to the state described by the pure state mixture J2keTPkJk, 
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we have 



S(n K <g> p% 1 ) = S(ti K0 n m J; ) 



> ^2 PkS (—tr H i AE V k ® id n o BE (^ )) 

feeT Pk 

= y^pkS(—ti n iVk®Uk®id H 8i(i>o)) (81) 
feeT ^ 

= ^p fe ^(tr„i iB 7fc)- (82) 
feeT 

The second of the above equalities is due to the fact, that X^fcLi ^fc(') ^ s trace preserving, the inequality is 
by concavity of the von Neumann entropy. Eq. (|81[) is because the von Neumann entropy is not changed 
by application of unitary channels in the input. The last equality is by the definitions introduced in (|72[) 
With (J5D1), & and thc equality S(pab) = S(p E ), we obtain 

S(*k ®P% 1 )> log(L) + lS(p E ) + Y, PkS{tr Hc ,Vk) - A 3 (c). (83) 

feeT 

Rearranging the terms in inequality (|83[) and using (|78[) leads to the bound 

feeT 



Pfe,S (j^ Ak ® id u° BE Wto)) <logJ+l(S(p^)-S(PB))+A a ( e )+A3(e). (84) 



Here, we additionally used the fact, that S(pb) = S(pae) holds. Combining the bounds from (p7| and 
(|54")l with fUS")) , we arrive at 

ylogD>I(A;S,p AB )-y(Ai(e)+A 2 (e) + A3(e)). (85) 
In fact, we find Stinespring extensions on spaces T-Lc' and He" with 

dim He = K ■ L ■ dim % l A (86) 
dim -He = K ■ L ■ dimHf dim 7^. (87) 

Using the definition of A 1; A 2 and A 3 with the above dimensions, we conclude 

j log 19 > /(A; £7, pae) - 6(^^^ + log dim Has) - 3r/(2^), (88) 

which we aimed to prove. □ 

Remark 1. It is worth noting here, that the lower bound for the classical cost established in the proof 
of Proposition [5| does not explicitly rely on the entanglement rate of the protocol. Consequently, there is 
no chance to significantly reduce the required classical communication by admitting a higher entanglement 
rate, as long as one demands the protocol to be asymptotically perfect. 

In contrast to the above result, the following lemma indicates the limitation of the class of protocols 
used for establishing the achivability of the merging cost. 
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Lemma 11. Let {pAB,i]f = \ be a set of states on Hab- There exists a number lo(e,5), such that if I > Iq 
and A4 an A4(-) := Y)k—1 Ak <£> Bk( m ) is an L-merging for states on for some L £ {1, dim('H^)} 

with 



mm F m {p%.,M)> I- e (89) 

Ki<N 



then 



y log(ZJ) > max S(p A ,i) + y log ^ - S (90) 

Proof. First we consider for an arbitrary but fixed number I £ N an arbitrary single state pab- Let 
M C [D] be a set of indices which fulfills 



We use abbreviations 



-00 := 0k ® ^abe and := tr^o^®! (V'o) = ttk ® P®' 

Without any loss we assume that M contains no k with tr(Ak(po)) = holds. Because we are concerned 
with an L-mcrging for ipa here, we have 

A(-) = u k p k (-)p k u* k 

for every k in M where {pk}keM is a set of mutually orthogonal projections of rank L. We have 

tr(A k (po)) = tr(pfcp ), 

and 

tr(gpo) = J] tr (Apo), (91) 

keM 

where we used the definition q := X^fceA/Pfc- It holds 

1 - e < 5^ F{A k ®B k ® id H m (ip ), <j> L ® 4>b>be) 

kGM 

<]Tf(A(poW) (92) 

feGM 

< ]T HAM) (93) 

feGM 

= tr(gpo). 

Here, (|92|) follows from monotonicity of the fidelity under partial traces, (|93|) by the fact that it is ho- 
mogeneous in its inputs. The last equality is by (|91[) . If we take I large enough, the well known fact, 
that subspaces of large probability, asymptotically, cannot have dimension substantially smaller than the 
typical subspace (see [5], Lemma 2.14) guarantees 

tr(?) > S(po) - S = S(ir K ) + lS(p A ) - 6 (94) 
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If we take into account, that q is a sum of \M\ mutually orthogonal projections of rank L, we have 

±log\M\>S(p A )-jlog^--6. (95) 

If we now consider a set X := {pAB,i)iL\ and and repeat the above argument with sets Mi, ...,M/v for 
this case we arrive at 

7 log£> > 7 log max \Mi\ > max -S(p A ,i) - j log ^ - 8 (96) 

t t l<i<N l<i<N I L 

which concludes our proof. □ 

Theorem 6 (classical cost of L-merging). Let X := {pAB,i}iLi be a set of bipartite states on Hab- For a 
merging procedure, where A and B are restricted to L-mergings (together with adding some further input 
pure entanglement) and entanglement rate 

R q = max S(A\B,p A B,i) (97) 

l<i<N 

is achieved, the optimal rate of classical communication is 

R c = max S(pAi)+ max IJA)E, p A E i)- 
i<i<N y ' ' ' i<i<N v ' U A£j ' l > 

Proof. The converse statement follows directly from LemmaQTJ If {Aii}f^ 1 is a merging which fulfills the 
assumptions of the Theorem, then 



Urn F(Mi ® idfl B ^ Kl ® i/>% B ,i),H' ® <'bb) > 1 - "(I ) 

l — yoo 



for every i £ [N], and 



limsup 7logf — - j = max S(A\B, p A B.i) = max I C {A)E, p A E,i) (98) 

l^oo I \LlJ 1<*<N r l<t<N 

hold. With dM} and Lemma HU it follows 

limsup - log(A) > max S(p A .i) + max I C {A)E, p A E,i)- 

l— »oo ' l<i<N l<i<N 

To prove achievability, we step back to Section 4.2. Because A and B are using an L;-merging for every 
I, the distinct number of measurement results A has to communicate to B is given by 

dim-H®' 



D, 



A 



L, ' 

see Sect. 13.21 The argument in section 4.2 shows, that the desired quantum rate can be achieved by 
choosing L-mergings for the mixtures 

N 



-I 1 ~l 

Pab '■— 2 ' Pab, 

i=l 



where p l AB i is the typically reduced state for <f)K ® PAB,i for every I £ N and some 8 £ (0, |). We can 
therefore assume Ji® 1 to be restricted to the support of p l A . Clearly, it holds 

N 

rankp^ < ^ rankp^ 

i=l 

< N ■ max rankp K t 

~ l<i<N ^ A ' 1 
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Therefore 



and 



D l < ^_ . 2 l ( S (^K )+max 1 < i < N S(p A ,i)+S) /gg\ 

~~ Li 



1 log ^ * S S ^ + log 7 (77 ) + 7 + 7 

= max S(pA,i)+ max I C (A)E, PAE,i) + o(Z°) (100) 

l<i<iV v l<i<N ' 

where we used the equality S(A\B, pab.i) = I C {A)E, pAE,i) for every i e [iV]. □ 

The converse statement in the preceding Theorem is more strict than the one given in Lemma [5] The 
following example shows, that there are sets X, where the optimal classical cost is surely not achieved 
by using L-mergings. But here, we achieve the desired classical rate just by simple modifications of the 
protocol. 

Example 7. Consider the set {pab,i, Pab,"i\ € Hab consisting of two members pab,i — 4>l o-nd pab.2 = 
7Tm <8> 7Tm, where <pL is a maximally entangled state of Schmidt rank L on a subspace ofH-AB and txm is 
the maximally mixed state. We assume, that L > M and 

supp(pA,i) -L supp(pA,2) (101) 

In this case, we have 

max I{A- E, p AE>i ) = S(p A>2 ) + I C (A)E, p AEa ) (102) 

i— 1,2 

<S(p A ,l)+Ic(A)E,pAE,2) (103) 
= max S(pA,i) + max I c (A)E,p AE ,i). (104) 

i=l,2 ' i=l,2 

Because orthogonality of the supports of the A-marginals holds by il01\) , A can perfectly distinguish 
his parts of the states (using one copy) and therefore get state knowledge. The rest is done by tracing out 
output entanglement to make both mergings have the same entanglement cost. 



6 Applications 

In this section we give some indications how the result obtained so far has impact on other problems in 
quantum Shannon theory. As an example we provide another achievability proof for the entanglement 
generating capacity of a compound quantum channel with uninformed users. The original proof (see 
[5]) was based on an one-shot result for entanglement transmission, a closely related concept (actually 
their capacities were shown to be equal). Here we follow another line of reasoning, namely we use the 
close correspondence between the task of distilling entanglement from bipartite sources and generating 
entanglement over quantum channels. To this end we prove a compound version of the so-called hashing 
bound which is known as a prominent lower bound on distillable entanglement for perfectly known states 
[11] , For convenience we restrict ourselves to the case of finite sets of states and finite compound channels. 
The results are easily generalized to arbitrary sets using approximation techniques as it was done in Sect. 
PI 
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6.1 Entanglement distillation under state uncertainty 

Following we define a (I, k{)- protocol for one-way distillation of states on Hab a s a combination of 
an instrument {A k } k=1 C C i {'H ( f 1 K}) and a set of quantum channels {B k }® =1 C C{U%\K}) of the form 

D 
k=l 

such that dim(/C z ) = fe;. For a set X C S(Hab) of states on "Has a nonnegative number i? is an achievable 
(one-way) entanglement distillation rate, if there is a sequence {U}fl 1 of (I, fc;)-entanglement distillation 
protocols such that 

1. liminfilog(/c/) > R 

2. lim MF{Ti{p® l ),4>l) = 1 

where </>/ is a maximally entangled state on K) K, 1 . The number 

D^(X) := sup{i? : R achievable}. 

is called the (one way) entanglement capacity of X. The following lemma is a compound analogue to 
Theorem 3.1 in [U]. 

Lemma 12. Let X := {pi}fL 1 C S(Hab) be a (finite) set of bipartite states on Hab- Then 

D^{X) > - mac S(A\B, Pi ) (105) 

Proof. It suffices to consider the case of a set with maxi<i<Ar S(A\B,pi) < 0, since rate can always be 
achieved by using a trivial protocol which distills no entanglement at all. Let A4 -=J2k=i ®Uk be an 
L-merging for X satisfying 

mm F(M ® id HB ^ABE,i)^l ® < BE ,i) > 1 - (106) 

l<i<N ' ' 

Then T(-) := J^fLi ^fe ® ^fe(') with := ti n ®i o (&/ fc id u ®i ) for every A: is a one-way entanglement 

b' be e 

distillation protocol for X satisfying 

f{T{pT)M) 

> F(M <g> id^ (VlLs.i): 4>l ® ^BB,i) ( 107 ) 

> 1 - e. 

for every 1 < «' < JV. Eq. (| 107[) is justified by the fact that taking partial traces cannot decrease fidelity. 
Following the proof of Theorem 21 for I € N and e > we find an _L;-mcrging Mi for X such that 

Li > [2~'( maXl ^ JV s '( A l- B 'p'0+«+o(i ))j (108) 

and 

mm F(M l ® idn E (^f BE Ml ® i) > 1 - °(^°)- (109) 



Eqns. ifTOTjl and (fTTUjl give 
The achievability of - maxi<j<jv S(A\B, pi) follows from (|108[) and (jllpp . □ 



min f(7?(pf'),0 l )>l-o(i°). (HO) 
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The above lemma provides the main building block for determining the one-way entanglement capacity 
for sets of states, which is done in the following theorem. 

Theorem 8. Let X := {pi}? =1 C S(Hab)- Then 

D^{X)= Yaa\D^\X® 1 ) (111) 

with 

D {1 \X) := -min max V \fs(A\B, of) (112) 
r i<i<jv ^— ' 3 3 

where the minimization is over quantum instruments T of the form T := {Tj}j—\ on Ha with definitions 

\V :=tr(Tj(ti nB pi)) and pf := —^Tj <& id-u B {Pi) ( 113 ) 

for 1 < j < J and I < i < N with Xj ^= 0. In /aci, we can restrict ours elves to J < dim{U A ) 2 (see F7I]/j. 

Remark 2. One easily verifies, that the limit in hill} ) exists. Clearly, 

D^{X m ) + DW(X® 1 ) < (#»(*+')) (114) 

holds for any k,l eN, because ifT {k) andT (l) are instruments on "H® fe resp. W® 1 , then is an 

instrument on Tl^ k+l \ The rest is by Fekete's Lemma JTj 



Proof of Theorem^ We begin with the direct part of the Theorem. Our proof parallels the one given in 
[TT] for the single state case. However, for the direct part, we use Lemma [T2l instead of the single state 
hashing bound. To prove achievability, let T := {Tj}j =1 be any instrument on Ha, V '■= {Vj}j— 1 a set of 
channels of the form 

V j {x)-=X®\e j ){e j \ (115) 

for every \ G S{Hb) an d 1 < j < J, where ei, ej are members of an orthonormal basis of a Hilbcrt 
space Wb' located at B's site. Define states 

for 1 < i < N. These preprocessed states have conditional von Neumann entropy 

S(A\BB',p i ) = *fs{A\B,pf). 

Direct application of Lemma[l2] gives achievability. The converse statement can be proven just by the same 
arguments as given in [llj . we give the proof for convenience. We consider an arbitrary (I, hi) one-way 
distillation protocol with rate R, given by a LOCC channel with A — > B classical communication 
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with T € &{%f,1C) and Kj € C(%f ,K) , 1 < j < J, such that for a given r e (0, §) 

F(T(pf')^)>l-T (i&{l,...,N}) (116) 

holds, where </> is a maximally entangled state on K. <g> JC and dim AC = 2 lR . We fix notations 



Af := tr(7- ® ^-(pf )), and c« := * 7} ® i?>f '), 

A ■ 



3 

pf : =^® id «i'(pf') 

A • 



for z G [iV], j G [J] with 7^ 0. Application of T on results in the state 

Q«:= £ Af.f. 

Using the relation from (JH), (|116|) implies, that 

||tt (l) -0Hi<2^ 

holds for all i E [N], which leads us to 

\S(A\B,ClW)-S(A\B,4>)\<e (117) 

with e := 2(2s/r log(dim/C 2 ) + r)(2y/r)) via twofold application of Fannes' inequality. Eq. (|117p along 
with S(A)B, 4>)=-l-R implies 

JJZ < -S(A\B, fiW) + 4Vr • JiZ + 27/(2^7) (118) 

Moreover, we have 

5(A|S,0«)> ^ Xf S{A\B,uf ) 

> *fS{A\B,pf) (119) 

the first inequality is by concavity of the map p <-> S(A\B, p) for quantum states, the second is by 
application of the quantum data processing inequality. Combining (|118[) and (|119[) , wc obtain 

IR<- max V \fs(A\B, pf) + A^ffl ■ R + 2j]{2^\ 

< - min max ^ Af S(A\B, pf ) + 4^7/ • R + 2 V (2y^) 

< D« (X® 1 ) + 4^1 ■ R + 27 ? (2x/7) 

□ 

Remark 3. The above Theorem shows, that one may have to pay an additional price for imperfect 
knowledge of the state. Namely, the capacity for a set X is, in general, strictly smaller than the minimum 
over the single-state capacities of the individual states in X , as can be seen from eq. \lVXl . 
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6.2 Entanglement generation over compound quantum channels 



Finally, we give another proof for the direct part of the coding theorem for entanglement generation over 
compound channels, which was originally given in Theorem 13 in [3]. First we recall some definitions from 
[SJ. Let 3 be a compound quantum channel generated by a set 3 C C(Ha,Wb) of channels. We consider 
the uninformed user scenario, where precise knowledge about the identity of the channel is available 
neither to encoder nor decoder. An entanglement generating (l,ki)-code for 3 is a pair (TZ l ,ip l ) where 
1Z 1 G C("H§ , K. 1 ) is a channel with ki = dim/C' and ipi a pure state on K} ® H® 1 . A positive number 
R is an achievable rate for entangelement generation over 3 if there is a sequence of (/, fc;)-entanglement 
generating codes satisfying 

1. liminf^oo jlogfci > R, and 

2. limj^oo m^F((f>i, (id K i®lZ l oAf® l )(tpi)) = 1 where <fii denotes a maximally entangled state on JC l ®JC l . 
The number 



E{3) := sup{i? : R achievable}. (120) 
is called the entanglement generating capacity of 3. 

Theorem 9 (cf. [8J, Th. 13). Let 3 := {M}iLi be a finite compound quantum channel, 3 C C(Ha,Hb) ■ 
Then 

E(3)>lim- max min UpMf) (121) 
i-yoo I peS (Hf l ) 1 < i < N 

holds 

Proof. First note that the limit in (I121[) exists by standard arguments (see [5], Remark 2). We just have 
to prove that the number 

l<z<A' 

is an achievable rate for every state p on T-La and every e > 0, the rest is by standard blocking arguments. 
There is nothing to prove for sets with min I c (p,Afi) < 0. Therefore let p be a state on Ha with 

mini<i<jv Ic(p, M) > 0. Consider the set X := {pi}^L 1 of bipartite states in Hab with 

Pi = {id-H A ®Mi){x) (122) 

for 1 < i < N. Here \ IS trie P ure state on Ha ® Ha such that the partial trace over any of the two 
subsystems results in the state p. We show that a good entanglement distillation protocol for the set X 
of bipartite states generated by 3 implies the existence of a good entanglement generation code for 3. 
Following the proof of Lemma [T2l there exists an (I, fc/)-distillation protocol T = J2k=o^ k ® ^ fc f° r % 
with A k G C l (Hf,JC l ) and K k G C(Hf,JC<) for k G {1, ...,D} with D determined by dim "Ha and dim/C' 
such that 

dim/C' > L2^ mini ^^^ ^(p,AT i )-e)j ( 123 ) 

and 

mm F(T( Pi ),<t>i)> l-o(l°) (124) 

1<2<A' 
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with 4>i being the maximally entangled state on JC l . Notice, that in eq. f|123[) . we used the identity 

I c (p,JV i ) = -S(A\B,p i ) 
for every i € {1, N}. The definitions given in eq. (|122j) imply 

Ak <8> Tlk(p) = [id K i ® TZ k oMi){Ak <8> idn,®i(x)) 

A 

for every < k < D and 1 < i < N. Therefore, 

D 

F(T( Pi ), 4>i) = F ( id V Uk ° K® l (A k ® id H ®i (*)), 00 

/c=0 

= ^ PkF(id K ?®K k oA/* l (v k ),<j> l ) (125) 

holds for every i, where we used the definitions 

p k ■= tr(Ak(p)), and (p k := —(A- (g) id v ®i)(x) 

Pk 

for 7^ 0, < fc < Z?. Notice, that (/3 , <Pd are pure states, because the operations A k are pure since 
they arise from an L- merging (see the proof of Lemma IT2"j) . Again because the fidelities are affine functions 
of the first input, (fT2l| and (|T2"5j) imply 

J2 PkF (id K i ® TZ k o 1 J>1- o^ ). (126) 

fc:p fc ^0 V i=l / 

The RHS of equation ()125j) is, in fact, an average of fidelities of entanglement generating codes 
(IZi, ipi), (IZ-d, Vd) with probabilities pi, ...,pd- This implies the existence of a number k 1 e {1, D} 
such that with ip := ipy and 1Z := TZk' 

mm F(id K i ®KoAf? 1 >l-o(l°) (127) 

holds. Eqns. (fT27| and p23| show that 

min I c (p,Afi) - e 

l<i<N 

is an achievable rate. □ 

To conclude this section we compare the proof of Theorem [S] given above with the one given in [S] . 
The original achievability proof relies on the fact that good entanglement generation codes can be deduced 
from entanglement transmission codes working good on maximally mixed states on certain subspaces of 
the input space of the channels. The passage to arbitrary states is done by a compound version of the 
so-called BSST lemma from [6]. Indeed, one of the results from [8] is that the entanglement transmission 
capacity Q(3) equals E(3) for every compound channel 3. 

The proof given above follows a more direct route by taking advantage of a direct correspondence between 
entanglement distillation from bipartite states and entanglement generation over quantum channels, which 
is very close even in the compound setting. In this way, we have demonstrated, that quantum state merging 
provides a genuine approach to problems of entanglement generation over quantum channels even in the 
compound setting. 
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7 Conclusion 



In this work, we have extended the concept of quantum state merging to the case, where the users are 
partially ignorant of the parameters which describe the state they keep. We have determined the optimal 
entanglement cost of state merging in this setting, and found out that, in principle, a merging process 
is possible with the worst case merging cost in the set representing this uncertainty. We also derived a 
lower bound on the classical cost for merging with state uncertainty, based on an elementary proof of the 
corresponding result for single states. Whether or not this bound is achievable in general, is left as an open 
question. In particular, we have shown, that the class of protocols (called "L-mergings" in this work), 
which containes protocols optimal for the quantum as well the classical part of the state merging problem 
in case of perfectly known states is suboptimal in its classical costs for situations with state uncertainty. 
However, in some special cases, protocols which are minor variations of the L-merging concept achieve 
this bound. 

Despite this, the protocol preserved its good reputation as a communication primitive regarding the 
quantum performance. We were able, to apply our results to prove corresponding assertions in other 
communication settings as entanglement distillation under state uncertainty as well as entanglement gen- 
eration under channel uncertainty. To apply these results in more complicated situations as multiuser 
settings (e.g. entanglement generation over quantum multiple access channels) is an interesting topic for 
further research activities. 
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